In this paper, we show that if the direct sum of two operators is subspace-hypercyclic (satisfies subspace hypercyclic criterion), then both operators are subspace-hypercyclic (satisfy subspace hypercyclic criterion). Moreover, if an operator T satisfies subspace-hypercyclic criterion, then so T ⊕T does. Also, we obtain that under certain conditions, if T ⊕ T is hypercyclic then T satisfies subspace-hypercyclic criterion and, the subspace-hypercyclic operators satisfy subspace-hypercyclic criterion which gives the "subspace-hypercyclic" analogue of Theorem 2.3. (in Hereditarily hypercyclic operators.
Introduction
A bounded linear operator T on a separable Hilbert space H is hypercyclic if there is a vector x ∈ H such that Orb(T, x) = {T n x : n ≥ 0} is dense in H, such a vector x is called hypercyclic for T . The first example of a hypercyclic operator on a Banach space was constructed by Rolewicz in 1969 [11] . He showed that if B is the backward shift on ℓ p (N) then λB is hypercyclic if and only if |λ| > 1. The hypercyclicity concept was probabely born with the thesis of Kitai in 1982 [8] who showed that if T 1 ⊕ T 2 is hypercyclic in H 1 ⊕ H 2 , then T 1 and T 2 are hypercyclic in H 1 and H 2 respectively.
The studying of the scalar multiples of an orbit is motivated by the Rolewicz example [11] . In 1974, Hilden and Wallen [7] defined the supercyclicity concept. An operator T is called supercyclic if there is a vector x such that the cone generated by Orb(T, x) is dense in H. For more information about hypercyclicity and supercyclicity, the reader may consult [3, 6] .
Similarly, since the operator λB is not hypercyclic whenever |λ| ≤ 1, one may wonder if there is an operator T such that its disk orbital is dense in H. The notion of a diskcyclic operator was introduced by Zeana [12] . An operator T is called diskcyclic if there is a vector x ∈ H such that the disk orbit DOrb(T, x) = {αT n x : α ∈ C, |α| ≤ 1, n ∈ N} is dense in H, such a vector x is called diskcyclic for T [1, 12] .
In 2008, Petersson [10] studied the restriction of hypercyclic operators on closed invariant subspaces. Later on, Madore and Martínez-Avendaño [9] considered the density of the orbit in a non-trivial subspace instead of the whole space, this phenomenon is called the subspacehypercyclicity. An operator is subspace-hypercyclic for a subspace M of H (M-hypercyclic) if there exists a vector x such that the intersection of its orbit and M is dense in M.
In 2012, Xian-Feng et al. [14] defined the subspace-supercyclic operator in which the scaled orbit of an operator is dense in a subspace. For more information the reader may refer to [13, 14] .
It is well know that if T satisfies hypercyclic criterion, then T ⊕ T is hypercyclic. In 1999, Bés and Peris [4] proved the converse is also true. i.e, if T ⊕ T is hypercyclic, then T satisfies hypercyclic criterion.
In this paper, all Hilbert spaces are infinite dimensional separable over the field C of complex numbers. We always assume that a subspace M of a Hilbert space H is non trivial (M = H and M = {0}) and topologically closed.
In the second section of this paper, we show that if T 1 ⊕T 2 is (M 1 ⊕M 2 )-hypercyclic, then T 1 and T 2 are M 1 -hypercyclic and M 2 -hypercyclic; whenever M 1 and M 2 are non-trivial closed subspaces which gives the "subspace-hypercyclic" analogue of [8, Lemma 2.6] . Also, we prove that if T 1 ⊕ T 2 satisfies (M 1 ⊕ M 2 )-hypercyclic criterion, then T 1 and T 2 satisfy M 1 -hypercyclic criterion and M 2 -hypercyclic criterion, respectively; however, Example 2.3 shows that the converse is not true ingeneral. As a consequences, corollary 2.4 shows that if T 1 ⊕ T 2 is (M 1 ⊕ M 2 )-transitive, then T 1 and T 2 are M 1 -transitive and M 2 -transitive; respectively. However, we use the following theorems to give a counterexample showing that the converse of the last statement is not true.
Let T be an invertable bilateral forward weighted shift in the Hilbert space ℓ 2 (Z) with a positive weight sequence {w n } n∈Z and M be a subspace of ℓ 2 (Z). Let {n k } be an increasing sequence of positive integers such that n k → ∞ as k → ∞ and T n k M ⊆ M for all k ∈ N. Then T is M-transitive if and only if there exists m i ∈ F = {m r : r ∈ N, e mr ∈ Schauder basis for M} such that [2] Let T 1 and T 2 be invertable bilateral forward weighted shifts in the Hilbert space ℓ 2 (Z) with a positive weight sequence {w n } n∈Z and {a n } n∈Z , respectively. Let M 1 and M 2 be subspaces of ℓ 2 (Z). Let {n k } be an increasing sequence of positive integers such that n k → ∞ as k → ∞ and (
-transitive if and only if there exist m i ∈ F 1 = {m r : r ∈ N, e mr ∈ Schauder basis for M 1 } and h p ∈ F 2 = {h r : r ∈ N, e hr ∈ Schauder basis for M 2 } such that
and
In particular, Example 2.5 shows that there exist M 1 -transitive and M 2 -transitive operators whose direct sum is not (
We define M-mixing operators and use it to show that the converse of Corollary 2.4 holds true under some extra conditions. In particular, Theorem 2.7 shows that if T 1 and T 2 are M 1 -transitive and M 2 -transitive; respectively, and at least one of them is subspace-mixing, then
As Bés's and Peris's result [4] , we show that with some stronger conditions the converse of the last statement is true; i.e, T satisfies Mhypercyclic criterion whenever T ⊕ T is (M ⊕ M)-hypercyclic.
Main Results
Let M 1 and M 2 be subspces of a Hilbert space H, then the direct sum of M 1 and M 2 is defined as follows
For more information and details on the direct sum of Hilbert spaces, the reader may refer to [5] . It was proved in [9, Example 2.2.] that the operator T ⊕ I is subspacehypercyclic for the subspace H ⊕ {0}. However, it is clear that I can not be M-hypercyclic for any non-trivial subspace M. Therefore, for non trivial subspaces, we have the following proposition.
Proposition 2.1. If M 1 and M 2 are non-trivial closed subspaces and
Proof. Let a ∈ M 1 and b ∈ M 2 , and let (x, y) ∈ HC(T 1 ⊕T 2 , M 1 ⊕M 2 ), then there exist an ǫ > 0 and a sequence {n k } ∈ N such that
It follows that,
Thus, we get the result.
then T 1 and T 2 satisfy M 1 -hypercyclic criterion and M 2 -hypercyclic criterion, respectively.
Proof. By hypothesis, there exists two dense sets
Since D 1 , D 3 are dense sets in M 1 and D 2 , D 4 are dense sets in M 2 , then it is readily seen that T 1 and T 2 satisfy M 1 -hypercyclic criterion and M 2 -hypercyclic criterion, respectively.
The converse of the above proposition is not true as shown in the next example.
Let {n k } and {m k } be two increasing sequences of positive integers such that {n k } ∩ {m k } = φ whenever T 1 satisfies M 1 -hypercyclic criterion with respect to {n k } and T 2 satifies M 2 -hypercyclic criterion with respect to {m k }. Then,
The following example shows that the converse of the above corollary is not true in general.
Example 2.5. Let M 1 and M 2 be closed subspaces of the Hilbert space ℓ 2 (Z). Choose sequences {w n } n∈Z and {a n } n∈Z of positive real numbers such that each one satisfies equation (1) but not equation (2) or (3). Then let T 1 and T 2 be the corresponding weighted shifts. It follows from Theorem 1.1 and Theorem 1.2 that T 1 and T 2 are M 1 -transitive and M 2 -transitive, respectively. However,
The next theorem shows that the converse of Corollary 2.4 holds true under some other cases. First we need the following definition. By its very definition, the M-mixing property is a strong form of Mtransitivity. In particular,
M-mixing operators ⇒ M-transitive operators ⇒ M-hypercyclic operators
Theorem 2.7. If T 1 and T 2 are M 1 -transitive and M 2 -transitive; respectively, and at least one of them is subspace-mixing, then
Proof. Suppose that, without loss of generality, that
where
where k is a positive number such that kN 2 ≥ N 1 . It follows that
Proposition 2.8. Let M 1 and M 2 be non-trivial closed sets in H, then T 1 and T 2 are M 1 -mixing and M 2 -mixing respectively if and only if
Proof. For the "if" part, let
Therefore, T 1 and T 2 are M 1 -mixing and M 2 -mixing respectively.
The proof of the "only if" part is similar to that given for Theorem 2.7.
Corollary 2.9. If T 1 and T 2 are M 1 -mixing and M 2 -mixing respectively, then
The converse of the above corollary is not true ingeneral Example 2.10. Let B be the backward shift on ℓ 2 (N), M 1 be the subspace of ℓ 2 (N) consisting of all sequences with zeroes on the even entries and M 2 be be the subspace of ℓ 2 (N) consisting of all sequences with zeroes on the odd entries; that is
however, both T 1 and T 2 are not M 1 -mixing and M 2 -mixing respectively.
Proof. We will verify the M-transitivity theorem. Let D 1 and D 2 be dense subsets of M 1 and M 2 respectively, consisting of all finite sequences, that is, those sequences only have finite number of nonzero entries, then
2n (x, y) = (0, 0) for large enough n and all (x, y) ∈ X. Moreover, (
It follows that T 1 and T 2 are not M 1 -mixing and M 2 -mixing respectively.
The above example also shows that M-transitivity does not imply to Mmixing. Now we turn back again to the hypercyclicity criterion which we have encountered in Proposition 2.2. The following proposition shows that the converse of Proposition 2.2 holds true for a single operator T .
Proof. Since T satisfies M-hypercyclic criterion, there exist two dense subsets X and Y of M and a sequence of positive integers n k such that 1. T n k x → 0 for all x ∈ X, 2. for all y ∈ Y , there exists a sequence x k ∈ M such that {x k } → 0 and T n k x k → y,
Since X⊕X and Y ⊕Y are dense sets in M⊕M, then let (
By hypothesis, there exist two sequence say x k and y k in M such that
Therefore,
It follows that T ⊕ T satisfies M ⊕ M-hypercyclic criterion and thus hypercyclic.
From the above proposition and Proposition 2.2, we get the following corollary Corollary 2.12. T ⊕ T satisfies (M ⊕ M)-hypercyclic criterion if and only if T satisfies M-hypercyclic criterion.
For the hypercyclicity case, Bés and Peris [4] proved that the converse of the above corollary is also true. In particular, they showed that if T ⊕ T is hypercyclic, then T satisfies hypercyclic criterion.
Question 2. When M-hypercyclic operators satisfy the M-hypercyclic criterion?
The next theorem answers Questions 1 and 2, but first we need the followig lemma Lemma 2.14. Let T, S ∈ B(H) satisfy the equation ST = T S and M be a subspace of H. If x ∈ HC(T, M), then Sx ∈ HC(T, SM).
It follows that Orb(T, Sx) ∩ SM is dense in SM. Thus T is SMhypercyclic operator with subspace-hypercyclic vector Sx. Proof. The proof follows directly from Lemma 2.14.
Theorem 2.16. Let T ⊕ T be (M ⊕ M)-hypercyclic and let x ∈ HC(T, M) has the following properties
then T satisfies M-hypercyclic criterion.
Proof. Since T ⊕T is (M⊕M)-hypercyclic; by Proposition 2.1, T is Mhypercyclic. Let (x, y) ∈ HC(T ⊕ T, M ⊕ M), then x, y ∈ HC(T, M).
Suppose that x satisfies the stated conditions. We will show that the Mhypercyclicity criterion is satisfied by D = D 1 = D 2 = Orb(T, x) ∩ M.
Since the operator I ⊕ T n commute with T ⊕ T , then by Lemma 2.14 for all n ∈ N, (x, T n y) ∈ HC(T ⊕ T, M ⊕ T n M)
Since y ∈ HC(T, M), then Orb(T, y) ∩ M intersects every open set in M.
Let U be open neighborhood of 0 in M, then there exists u 0 ∈ U ⊆ M, r ∈ N such that u 0 = T r y. It follows by eq. (4) that (x, u 0 ) ∈ HC(T ⊕ T, M ⊕ T r M)
It follows that Orb (T ⊕ T, (x, u 0 ))∩(M ⊕ T r M) is dense in (M ⊕ T r M). Since 0 ⊕ x ∈ M ⊕ T r M (by condition(1)), then there exists n 0 ∈ N such that T n 0 x⊕ T n 0 u 0 ∈ Orb (T ⊕ T, (x, u 0 )) ∩ (M ⊕ T r M) is arbitrarily close to 0⊕ x. Since T n 0 x ∈ M, then T n 0 x ∈ D, and by condition (2) T n 0 M ⊆ M. By continuing the same process, we get a sequence u k → 0 in M and n k ∈ N such that T n k x → 0, T n k u k → x and T n k M ⊆ M. Let us define maps S n k : D → M by S n k (T j x) = T j u k = x k . By condition (2), it is clear that x k ∈ M for all k ∈ N. Now, for all T j x ∈ D T n k (T j x) → 0,
It follows that T satisfies M-hypercyclic criterion.
